Abstract-We study the evolution of Glauber opinion dynamics with abstaining and tunable threshold on random graphs. The phase diagram shows plentiful features in the space of the two parameters of the model, the threshold and the abstaining probability. It is found that the threshold that limits the agents to be stable plays an important role in the emerging of abstaining in a wide spread. And it can be obtained that the observables stay the same in frozen state whatever the initial density of 0 is. We also use the mean field calculations to verify the fact of linearity between the density of 0 and the abstaining probability.
INTRODUCTION
Opinion dynamics is an effective way to study the complicated social systems and relative phenomena. The goal is to describe how people affect each other, and possibly to predict where the common opinion goes [1] . Many models have been devised, and each is based on known models or involves a new type of dynamics. The main ingredients of a model are a given graph topology, representing the social network of interactions between individuals, and the state space, in which the states stand for the opinions people hold. A dynamics should be defined, that is a rule indicating how an agent and its neighbors affect each other. Also the main ingredients are the pattern and condition of the evolution, meaning the process of effecting and changing. The pattern concerns the changing ways, such as spin flip and abstaining referring to states of agents, and rewiring [2] referring to network topology. The condition concerns the activation of changing, which is often used as deterministic ones, probabilistic ones [3] , or threshold [4] .
While various ingredients lead to different models, the dynamics is the major difference between them. Among the last 50 years, many classical dynamics models were raised. For example, the Voter model (1973) [5, 6, 7] which considers the agent to be affected randomly by one of its neighbors, the Glauber model (1963) [8] , which considers the agent to be affected by all of its neighbors, the Majority Rule model (1982) [9] , which considers a randomly chosen group affects its agents, the Sznajd model (2000) [10, 11] , which considers a pair affect all its neighbors, etc.
Existing models seldom take the state 0 into account, which is the neutralization of +1 and -1 that are of support and opposition. We generally call it abstaining, which widely exists in social events. Our model is based on Glauber dynamics, and selects threshold condition. What we are to seek is the emerging of state 0, according to the threshold s, and the abstaining probability φ. And we try to explain as some disciplines, which help to get expected results in social events.
II. MODEL DESCRIPTION Our model starts from a random graph in the manner of Erdös-Rényi [12, 13] with N nodes, and wiring probability p=<k>/N , k  being the average degree of the graph. So, the network has a Poisson degree distribution. Agents are endowed with state 0 for probability ρ 0 o , and for equal probability of spare. The dynamics of the model is defined by the following update rule:
(1) A node is selected at random, and if its state is +1 or -1, follow the rule (2); otherwise, follow the rule (3).
(2) We indicate with k the number of its neighbors and with n c the number of neighbors in the opposite state, and with n h the number of neighbors in the same state; If (n hn c )/k≥s, where -1≤s≤1, the node is stable and nothing happens. Otherwise, with probability φ, it changes its state to 0 (abstaining); and with probability 1-φ, it changes its state to the opposite (spin flip).
(3) We now indicate with n + the number of neighbors which hold the state +1, and n -that of -1. If |n + -n -|/k≥|s|, the node changes its state to the majority's state between its neighbors (intervention). Otherwise, with probability φ, it stays abstaining; and with probability 1-φ, it takes intervention. The model has two parameters: the threshold s, and the abstaining probability φ. The threshold sets the minimum difference between the number of the neighbors in the same state and that in the opposite state to be stable that the node must have. And the abstaining probability shows the sensitivity of people getting involved in the social events, or the desire of people to take a definite attitude to an event. We introduce the rule (3) to accord with the rule (2), they jointly express that s is the limit to be stable, and φ is the tendency to abstaining.
To study the features of the phase diagram of the model, we monitor the behavior of some observables. They are the convergence time t c , the magnetization m, the density of nodes with state 0 ρ 0 , the density of unsatisfied links ρ c , the number of homogeneous domains, and the relative size of the largest domain. Here we define the convergence time as the time needed to reach a frozen global state. We count it as units obtained through dividing number of steps that the experiment takes to get frozen, by the total number of the nodes. And we settle the terminal condition of an experiment as following: the evolution ends when either the graph has been unchanged for 1 unit, or the time has been 100 units. The magnetization m comes from the statistical physics, which means the average value of all states. If we note ρ + to be density of nodes with state +1, and ρ -to be density of nodes with state -1. Then the magnetization m=ρ + -ρ -. While we know ρ + +ρ -+ρ 0 =1, so the features of ρ + and ρ -can be depicted entirely by m and ρ 0 . We define ρ c as the density of unsatisfied links, each of which links two nodes respectively with state +1 and -1. We consider domain as a sub graph, and the homogeneous domains as the sub graphs of the graph only retaining the edges that link nodes with same states. And we take the relative size, namely scale of the largest one in these homogeneous domains into observation. We report all of above observables in the plane (s, φ), and show them in a 3D curved surface mode in Fig.1 .
III. RESULTS AND EXPLANATION
From the values of these observables showed in the Fig.  1 , we can find that there are three quite different phase areas which are showed in the Fig. 2 . The area III is the most ordinary area, and the features on it are simple. It needs no more than 4 units to get frozen, the density of 0 is whole zero, and the density of +1 and -1 is equally 0.5, and the density of unsatisfied links is also about 0.5. There are several domains, and the largest of them keeps the size 0.5. This holds much similarity with the initial situation, which means that there are not too many changes in this phase area.
In the phase II, it can still get frozen in several units, but the feature shows a great difference. The density of 0 doesn't change, but the magnetization comes to be either 1 or -1. The density of unsatisfied links turns into 0, while there is just 1 domain which occupies the whole graph. It means that in this situation, the whole society come into the same. The effects between people are sufficient and effective, and it is much like the situation in real events. But there is an uncertainty that whether +1 or -1 will be the stable condition, which seems to be determined by factors out of s and φ. Between the phase areas II and III, there is a narrow but existing transition area A. This area holds features like the phase area II, and is mingled with sparse features of the phase area III. But there is an evident increase in the convergence time, which we can comprehend as people's gradually convincing each other and being convinced by each other maybe a process of tanglement. In the phase III, the evolution didn't end by itself. But the feature seems to be stable, and this situation could be seen as a combination of plenty evolution and endless recursion. In this area, the density of 0 changes suddenly to a no-small value, which we called critical phenomenon [14] . All of these observables, including the density of 0, +1, -1, the density of unsatisfied links, the number of homogeneous domains, and the size of the largest domain etc., are mainly determined by φ. We show the information of domains when s=1 in the Fig. 3 , and show that of density of 0 when s=1 in the Fig. 4 .
In Fig. 3 , it can be divided into 4 areas. The size of the largest domain decreases in the area (a) and (b), and then increase in the area (c) and (d). While the number of domains increases fast in area (a), it implements a gentle decrease in area (b). In the area (c), it increases again to even more than the most in the area (a) and (b). And in the area (d), it decreases a lot, and eventually goes to 1. At the very beginning, there is a very small abstaining probability that the graph is occupied half by +1 and half by -1; the number of domains is 2. Along with the increasing of abstaining probability φ, state 0 disarranges the original union of +1 and -1. But it is still playing its role separately, until the area comes to (b), the state 0 gradually joins with each other. In the area (a) and (b), the largest domain is still composed of state +1 or -1. While the area comes to (c), the situation changes a lot. State 0 processes the main part of the graph, and state +1, -1 are gradually separated into smaller and smaller domains. In the area (d), these separated states +1 or -1 begin to disappear, and the graph marches on to entire abstaining domain with a rapid speed. From Fig. 1 and Fig. 4 , we can figure out that the density of 0 increases linearly with the abstaining probability φ. It can be proved using mean field method originally from statistical physics. We have no much difficulty in finding that our model is the same with the following one, when s>0:
(1) If (n + -n -)/k>s, the node adopts the state +1; If (n + -n -)/k<-s, the node adopts the state -1;
(2) If -s<(n + -n -)/k<s, then take the following steps:
• with probability φ, the node adopts the state 0 (abstaining);
• with probability 1-φ, the node adopts the state of +1
or -1; that is, if its original state is +1 or -1, it stays the same, and if its original state is 0, the node adopts the majority's state (intervention). Then we have the following formulas,
In which, P k is the degree distribution, and
, the values of θ i are as below: 
Solve it with
We can obtain that ρ + =ρ -=(1-φ)/2 ， ρ 0 =φ. Now the linearity between the density of 0 and the abstaining probability has been proven.
We have confirmed from Fig. 1 that the state 0 has a phase transition from the phase area II to III. Through several experiments, we can also find that the emerging of abstaining does not vary with different initial densities of 0. This can be easily seen in Fig. 4 , both the main part and the sub part, that different ρ 0 o lead to the same trend.
IV. CONCLUSION AND FETURE WORK The model considering abstaining shows plentiful features in phase diagram. One of the most important results we get from this model is that the emerging of abstaining in a wide spread is determined not by the abstaining probability, but by the threshold which sets the limit to be stable. This proposition informs us a possible way to avoid the appearance of wide abstaining by controlling over the threshold. Other important outcome is that the observables stay the same in frozen state in all values of initial density of 0. According to this, problem can be quite simplified.
The feature in the middle phase area attracts us a lot, but the factors that affect the graph to reach stable condition of either +1 or -1 are still unknown. The phase transition happens on the critical line, if the line can be possibly solved, the problem then gets a great progress.
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